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E-mail address: heraldo@mec.uff.br (H.S. da CostaDue to its low density and high strength, HMPE (high modulus polyethylene) ﬁbres are being increasingly
used in synthetic ropes for offshore mooring. Nevertheless, the occurrence of creep at sea temperature
can be a shortcoming for its practical use. Creep tests performed at different load levels in a sub-system
of the HMPE rope (yarn) are frequently used as a ﬁrst step to obtain some information about the suscep-
tibility to creep deformation at a given temperature. The present paper is concerned with the phenom-
enological modelling of creep tests in HMPE yarns. In this macroscopic approach, besides the classical
variables (stress, total strain), an additional scalar variable related with the damage induced by creep pro-
cess is introduced. An evolution law is proposed for this damage variable. The predicted lifetimes and
elongations of HMPE specimens in creep tests at different load levels and room temperature are com-
pared with experimental results showing a good agreement.
 2010 Elsevier Ltd. All rights reserved.1. Introduction
Offshore oil drilling and exploration in increasingly deep waters
requires the replacement of traditional steel wire rope and chain
moorings by synthetic ﬁbre ropes with lesser linear weight. A
mooring system with synthetic ﬁbre ropes can be conﬁgured as
either a catenary or a ‘‘taut-leg” system, but generally the last
one is the most feasible in deep and ultra-deep waters (Fig. 1, also
see the recommended practice for design, manufacture, installa-
tion, and maintenance of synthetic ﬁbre ropes for offshore moor-
ing, API-RP, 2001, for instance). Nowadays these synthetic ropes
provide the necessary compliance to the taut-leg system by means
of the natural mechanical properties of the ﬁbres.
Most ﬁbre ropes comprise a core to withstand tensile loads
and an outer jacket, which often has little tensile load bearing
capability. Additional protective coatings or wrappings may be
applied after rope manufacture. Typical rope construction types
suitable for deepwater ﬁbre moorings are wire rope constructions
(WRC), and parallel strand types. The main structural levels in a
ﬁbre rope, although not all present in every construction, are:
(i) textile yarns, as made by the ﬁbre producer and typically con-
sisting of hundreds of individual ﬁlaments; (ii) rope yarns, assem-
bled from a number of textile yarns by the rope maker; (iii)
strands made up from many rope yarns; (iii) sub-ropes of several
strands; (v) the complete core rope assembly; (v) rope, sub-rope
and strand jackets.ll rights reserved.
.
Mattos).In the ‘‘taut-leg” mooring system, each rope is stretched under
tensile load (Fig. 1). Polymer based ﬁbre ropes generally have a
rate-dependent nonlinear behaviour. High tenacity Polyester and
High Modules Polyethylene (HMPE) are the most common types
of synthetic ﬁbres materials used for such kind of offshore mooring
ropes. Polyester ﬁbres do not present signiﬁcant creep at loads and
temperatures normally experienced in mooring applications.
HMPE is a material with better tensile strength and lower density
than polyester, but may present creep even at sea water tempera-
ture (Smeets et al., 2001; Chimisso, 2009, for instance). The stabil-
ity control of the platforms and reliability of the overall mooring
system in long term experience with HMPE is a major concern.
It is not the goal of the present paper to goal to discuss the
chemical aspects of high modulus polymers neither to investigate
the microscopic mechanisms of creep in this kind of material. Such
a discussion can be found in other works concerned about the
subject. For a general idea of previous studies about this subjects
it is suggested the works of Ward and colleagues (Ciferri and
Ward, 1979; Ward and Sweeney, 2004; Wilding and Ward, 1981,
1984a,b; Bonner et al., 1999, for instance) and also the papers of
Liu et al. (2008) and Kolarik et al. (2006).
Many studies particularly concerned with polymer ﬁbres, ropes
and fabrics have also been developed in the last years (Boxman and
Cloos, 1998; Smeets et al., 2001; Bles et al., 2009; Ghoreishi et al.,
2007; Fernandes and Rossi, 2005; King et al., 2005, for instance).
Nevertheless, the mechanisms proposed so far to explain the dam-
age initiation and propagation processes in different geometry/
material mooring systems are not able to elucidate all aspects of
the phenomenon (Pellegrin, 1999; Sloan, 1999; Hooker, 2000;
Fig. 1. Catenary and taut leg mooring systems.
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Beltran and Williamson, 2005; Schmidt et al., 2006, for instance).
The study of creep damage and rupture in HMPE ropes is a basic
requirement for safe and economic operation for deep water moor-
ing of FSOP units and ﬂoating platforms. Nevertheless, the analysis
of creep phenomenon accounting for different rope constructions
can be extremely complex. Creep tests performed at different load
levels in a sub-system of the HMPE rope (yarn) are frequently used
as a ﬁrst step to obtain some information about the susceptibility
to creep deformation at a given temperature. However, it is neces-
sary a large number of tests in order to provide basic parameters to
be directly used in engineering design, mainly to estimate the
inﬂuence of the load and temperature on the creep process. Hence,
attempts to model these tests are advisable, since a reasonably
accurate modelling would require a smaller number of experi-
ments (only the necessary to identify the material parameters that
arise in the theory), avoiding the waste of time and consequently
reducing costs.
The present paper is concerned with the phenomenological
modelling of creep tests of HMPE yarns at room temperature. Yarn
is a generic term for a bundle of untwisted or twisted ﬁbres. In the
present paper the term yarn is used for the untwisted bundle as
provided by the ﬁbre producer and typically consisting of hundreds
of individual ﬁlaments. The goal is to propose a one-dimensional
phenomenological viscoelastic model that combines enough math-
ematical simplicity to allow its usage in engineering problems with
the capability of describing a complex non-linear mechanical
behaviour.
The basic idea of a simpliﬁed phenomenological modelling of
creep tests in HMPE yards is to approximate the specimen sub-
jected to a constant load through a nonlinear viscoelastic ‘‘spring”.
Both systems (real specimen and ‘‘equivalent” nonlinear spring)
have the same elongation d at any time instant t when submitted
to a constant load Fo (see Fig. 2). The approach is similar to the
studies performed in Sampaio et al. (2004) and Costa-Mattos et
al. (2008) and the model equations are developed within a thermo-
dynamic framework summarized at the Appendix. In order to ac-
count for the dissipative mechanism of rupture, a macroscopic
auxiliary damage variable D 2 [0,1], related to the loss of the global
stiffness of the yarn due to the damage (rupture of some of the ﬁ-
bres, etc.), is introduced. If D = 0, the system is undamaged and if
D = 1, it is ‘‘broken” (it can no longer resist to mechanical loading).
The modelling of the ‘‘equivalent” spring is then reduced to deﬁne
an adequate expression for the evolution of the damage variable D.
Results from experimental creep tests of Dyneema SK75 HMPE
multi-ﬁlaments under different loading are compared with model
prediction showing a good correlation.2. Material and experimental procedures
In this paper it is considered the smallest yarn-like component
of the rope, as received from the yarn producer. Such a basic yarn isnothing else than a bundle of untwisted ﬁbres of Dyneema SK75.
All tests were performed in these multi-ﬁlaments. This HMPE ﬁbre
is produced from the ultra high molecular weight polyethylene
(UHMW-PE) by the gelspinning process. In this process the mole-
cules of UHMW-PE ﬁbre are dissolved in a solvent. The obtained
solution is successively pulled through small holes and afterwards
solidiﬁed by cooling it. This process produces a ﬁbre with a chem-
ical structure composed by chains with a high molecular orienta-
tion degree (over 95%). This molecular structure, with high
crystalline degree (up to 85%) and a little amorphous content, gives
the ﬁbre a high modulus and a high rupture load.
The stress r at a given instant t can be deﬁned as the rate









where ql is the mass of ﬁbre per unit length and q the mass density
of ﬁbre material. Since the mass density q is the same for a given
polymer material, to deﬁne the stress of a general yarn regardless
the number of ﬁbres it is only necessary to consider the tensile force






Dyneema SK75 HMPE multi-ﬁlaments considered in this work
have linear weight ql = 1760 dtex (where 1 dtex = 1 g/10,000 m).
dtex is the most used unit for linear density of a yarn in textile
industry and hence it will be adopted on the present study. Each
specimen with initial length Lo = 500 ± 1 mm was initially loaded
at a rate a = 8.3 N/s until a limit constant load Fo. Fig. 3 shows
the typical loading history the specimens are submitted to.
The strain e at a given instant t can be deﬁned as the rate
between the elongation d(t) and the initial length Lo
eðtÞ ¼ dðtÞ
Lo
ð3Þ2.1. Creep and tensile tests in HMPE yarns
The experimental tests on synthetic ﬁbres used to made ropes
in general or speciﬁc offshore mooring ropes, developed inside sci-
entiﬁc or rope maker laboratories, follow speciﬁc standards (API,
ISO, ASTM, Cordage Institute). In these standards, rules and recom-
mendations are established regarding sample, dimensions of the
specimens, range of speed for the test machine, types of clamps,
ideal condition of temperature and humidity and so on.
Usually, the tensile tests are realized to determine mechanical
characteristics like yarnbreak load (YBL), ﬁnal elongationand tenac-
ity for the mono or multi-ﬁlaments that compose a yarn. For most
types of synthetic ﬁbres, theemechanical characteristics, are identi-
ﬁed in servo-hydraulic or in electromechanical test machines using
Fig. 2. Creep test specimen and equivalent spring system.
Fig. 3. Typical loading history in a creep test.
Fig. 4. Long-term creep test – specimen dimensions.
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shall carry one grip for holding the test specimen so that the direc-
tion of the force applied to the specimen is coincident with the lon-
gitudinal axis of the specimen. The grips shall apply sufﬁcient lateral
pressure to prevent slippage between the grips face and the ﬁbres.
Eventually a tab (a platemade of ﬁbre-reinforced plastic, aluminium
or other material) is bonded to the test specimen to transmit loads
from the testing machine to the test portion.
Classical tensile and creep tests realized in samples of synthetic
ﬁbres used to make ropes, like Nylon, Polyester, Polypropylene,
and Polyethylene, follow the above mentioned rules and do not
demand the use of tabs at the extremities. Nevertheless, the very
low friction coefﬁcient of HMPE ﬁlaments makes very difﬁcult to
perform these tests without the tabs at the extremities of the spec-
imen to avoid slippage between ﬁbres and clamps. To overcome
this problem, the specimens had specially developed tabs at their
ends (Fig. 4).
2.1.1. Tensile rupture test
Tensile tests were performed in an electromechanical test
machine with special pneumatic clamps for yarn tests, with a 1
kN capability load cell. All tests were performed using a constant
rate of a = 8.3 N/s in an atmosphere controlled room, with the fol-
lowing conditions: 55 ± 2% of humidity and 20 ± 2 C temperature.
The specimens had initial gauge length of 500 ± 1 mm and the
average yarn breaking load (YBL) after 10 tests was 573.3 N. Hence
the average rupture stress r^r for any multi-ﬁlament of this partic-
ular HMPE is given by (Fr/ql) = 575.3/1760  0.33 N/dtex.
2.1.2. Long term creep tests
The tests there were performed using constant loads of 15% and
30% of the average YBL (5 test per load levels). Such values arereasonably representative of the tensile loading a synthetic moor-
ing line in a taut-leg conﬁguration can face in operation. For a
storm condition, the maximum solicitation of a mooring line
should not exceed 30% of MBL (Minimum Break Load) of the rope.
For normal work conditions, the rope solicitation should be at least
15% of the MBL of the rope. All tests with loads smaller than 30% of
the average YBL will be called in this paper long term creep tests
since the time necessary rupture of the specimen is superior to
one year (eventually there is no creep damage for very low load
levels).
These long term creep tests were performed using a ‘‘dead
weight” device. The length of the specimens used in these tests
was 1000 mm, and the gauge length Lo is 900 ± 1 mm, 50 mm adja-
cent to each termination, as shown in Fig. 4.
In each specimen the ends of the multiﬁlament were glued with
an epoxy resin between two wooden plates and mounted in alu-
minium supports pressed by screws, like a sandwich, as shown
in Fig. 5.2.1.3. Creep rupture tests
All tests performed with load levels higher than 30% of the aver-
age YBL until rupture will be called in this paper Creep rupture tests.
Although these load levels are higher than the ones a yarn can face
in operation, they must be considered to obtain creep failure in a
short period of time. As it is shown in the next section, the time
to failure at a given load level (at least two different load levels)
is essential in order o identify the material parameters that appear
in the evolution law proposed for the damage variable.
In these creep rupture tests a similar sandwich termination was
used (without the steel plates). The specimens were ﬁxed to the
machine clamps like a sandwich formed by multiﬁlament glued
with an epoxy resin inside two polyvinyl sheets. It was been ap-
plied testing loads corresponding approximately to 60%, 70%,
75%, 80%, 85%, and 90% of the mean YBL. An initial gauge length
of 500 ± 1 mm was adopted, considering an equal distance
between the ends of the specimen after applying a pretension of
1 N (ASTM D885 (1998)).
Fig. 5. Long-term creep test specimens.
Fig. 6. Experimental creep curves at different load levels.
Table 1
Experimental creep lifetimes for different load
levels.





H.S. da Costa Mattos, F.E.G. Chimisso / International Journal of Solids and Structures 48 (2011) 144–152 1473. Results and discussion
3.1. Creep testing – elongation curves at different load levels
Fig. 6 shows experimental creep curves at different load levels
(level 1: Fo = 86.3 N; level 2: Fo = 172.6 N; level 3: Fo = 345.3 N; le-
vel 4: Fo = 374.0 N; level 5: Fo = 402.7 N; level 6: Fo = 431.5 N). The
rupture force in a tensile test with prescribed load history F(t) = at
is dependent of the rate a. For the rate a = 8.3 N/s, the average YBL
obtained in the tensile tests is 573.3 N.Fig. 7. Typical creep curve.From Fig. 6 it is possible to observe that a typical experimental
curve shows three stages (see Fig. 7): (i) a ‘‘primary creep” phase
during which hardening of the material leads to a decrease in the
rate of ﬂow which is initially very high; (ii) a ‘‘secondary” creep
phase during which the rate of ﬂow is almost constant; (iii) a ‘‘ter-
tiary” creep phase during which the strain rate increases up to
fracture.
It can be veriﬁed that the load level strongly affects the creep
deformation rate and creep lifetime. Table 1 presents the experi-
mental lifetimes obtained for different load levels. The secondary
creep rates _es for different load levels are depicted in Table 2.
The strain e* (see graphical deﬁnition in Fig. 7) for different load
levels is presented in Table 3. e* is related to the secondary creep
and depends on the loading rate a and of the maximum force level
Fo.
Average of 5 tests for each load level were taken for the deter-
mination of lifetime, secondary creep rate _es and strain e* of the
samples.
3.2. Modelling
In this paper, in order to provide a better understanding of the
results from creep tests, a simple one-dimensional model is pro-
posed. The main goal is to present model equations that combine
enough mathematical simplicity to allow their usage in engineer-
ing problems with the capability of describing a complex non-lin-
ear mechanical behaviour. All the proposed equations can be
developed from thermodynamic arguments presented at the
Appendix. In order to build the model, it is considered as a system
a tension specimen with gauge length L and a mass of ﬁbre per unit
length ql submitted to a prescribed elongation d(t). The following
Table 2
Experimental secondary creep rate
for different load levels.
Fo (N) _es (s1)
86.3 14  109
172.6 94  108
345.3 17  107
374.0 39  107
402.7 58  107
431.5 74  107
Table 3
Experimental values of e* for differ-
ent load levels.
Fo (N) e*
86.3 1.02  102
172.6 1.73  102
345.3 2.79  102
374.0 3.05  102
402.7 3.18  102
431.5 3.37  102
Fig. 8. Damage evolution in a creep test.
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HMPE multiﬁlaments:
Fo ¼ ð1 DÞqlElðe evÞ ð4Þ















; Dðt ¼ 0Þ ¼ 0 ð6Þ
where e, ev are deﬁned as follows:
e ¼ ðd=LÞ; ev ¼ ðdv=LÞ; d ¼ de þ dv ð7Þ
with de being the elastic or reversible part of d and dv the irrevers-
ible parcel of d. _ev and _D are, respectively, the material time deriv-
atives of the variables ev, D.
The basic idea is to introduce a macroscopic variable D 2 [0,1],
related to the loss of stiffness of the specimen due to creep damage.
If D = 0, the specimen is considered ‘‘virgin” and if D = 1, it can no
longer resist to mechanical loading. El, K, Nl, Sl , R, al, b are positive
material constants which depend on the material. Eq. (4) will be
called the state law and Eqs. (5) and (6) the evolution laws.
Using boundary condition D(t = 0) = 0, it is possible to ﬁnd the
analytical solution of differential Eq. (6) that governs the damage
evolution in a constant load (creep) test:
DðtÞ ¼ 1 1 tðRþ 1Þ SlFo
ql
 R !" # 1Rþ1
ð8Þ
Since rupture occurs when D = 1, it is possible to compute the time
tr until the rupture









From the equations here proposed it is possible to observe that
during the creep test the damage variable increases slowly until
almost the end of the test (t = tr) when it increases very fast until
rupture (D = 1), as it is shown in Fig. 8.If this kind of damage behaviour is observed, it is usual to con-
sider a critical value Dcr of the damage variable, beyond which the
evolution to the value toward D = 1 is so fast that it can be consid-
ered instantaneous. If, in a conservative approach, the failure is
considered to occur when D = Dcr, the following expression is
obtained




















From Eq. (9) or (10), the curves of the damage evolution for
creep tests under different conditions may be obtained. Examples
of these curves are shown in the next section. As it is shown in
the next section, the secondary and tertiary stages of the creep
curve are fully described by this model. In this model, important
parameters, such as steady state elongation rate, and time to fail-
ure are also taken into account.
The variables R and S can be identiﬁed experimentally from the
lifetimes obtained in two creep tests at different load levels, since
the behaviour of the log(tr)  log(Fo) curve is linear, as shown in Eq.
(11)












¼ logðaÞ  R logðFoÞ ð11Þ
Parameters K and Nl can be obtained from the secondary creep
rate ð _esÞ. Supposing that damage is negligible at secondary creep
(D  0) and that _ev  _e ¼ _es it is possible to obtain





at secondary creep ð12Þ
K and Nl can be identiﬁed using a minimum square technique.
Nevertheless, for practical purposes, it is suggested to initially con-
sider the law _es ¼ bK exp bNFoql
 
. bK and bN can be identiﬁed experi-
mentally from the secondary creep strain rates obtained in two
tests at different load levels, since the behaviour of the
logð _esÞ  Fo curve is linear, as shown in Eq. (13)




K and Nl are very close to bK and bN , and can be approximated
(from bK and bNÞ using the following iterative procedure:
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(b) Nil ¼ bN;Ki ¼ bK ;
i h i
(c) Compute Ki+1 from lnð _esÞ ¼ lnðKiþ1Þ þ ln exp NlFoql  1 ;
(d) Once Ki+1 is known, compute Niþ1l usingTable 4
Model p
qlEl (







(e) i = i + 1;
(f) If i < imax go to (c). Else K = Ki+1 and Nl ¼ Niþ1l .
imax is the maximum allowed number of interactions (sug-
gestion: imax = 5). More sophisticated convergence criteria
can be adopted, but they will not be discussed in this paper.
A typical loading history in a creep test is shown at Fig. 3. A ﬁxed
ratea = 8.3 N/s is used to reach the constant value Foof the creep test
(taken as instant t = 0). The initial strain e* (see deﬁnition in Fig. 7) is
dependent of the force Fo. Expression for e* in Eq. (5) is a simpliﬁed
relation that accounts for the nonlinear relation between the initial
deformation e* and Fo. The strain e* at instant t = 0 is supposed to be










The ﬁrst parcel of e* ate the right side of Eq. (14) is the elastic
deformation and the second parcel corresponds to the inelastic
deformation after primary creep. Parameters al and b can be
obtained from two creep tests at different load levels, since the
behaviour of the logðeÞ  logðFoÞ curve is linear, as shown in Eq. (15)





; e ¼ e  Fo
qlE
ð15Þ
An explicit analytic expression for the creep deformation can be
obtained using (5) and (9). Using these equations it is possible to
obtain:
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Finally, using (4), the following expression is obtained:
e ¼ Foð1 DÞqlEl




















ð16Þarameters (HMPE at room temperature).
N) R (s) (Sl/ql) (N1) K (s1)
10.314 8.47  104 4.5  103.3. Comparison with experimental results
In order to investigate the adequacy of the model presented
here, samples of HMPE multiﬁlaments were tested and the exper-
imental results were checked with the model. The model parame-
ters identiﬁed experimentally at room temperature are presented
in Table 4. All material parameters were identiﬁed from the creep
tests performed at 65% and 70% of the average YBL.
The model prediction of secondary creep rate _es (Eq. (12)) for
different load levels is presented in Fig. 9 and Table 5.
The predicted values e* of the deformation at the beginning of
the creep test using Eq. (14) is presented in Fig. 10 and Table 6.
The experimental and predicted creep lifetimes for different
load levels using Eq. (9) are presented in Table 7 and Fig. 11.
Finally, Fig. 12 shows the theoretical and experimental creep
curves at different load levels. The model prediction of the fracture
time and elongation before rupture are in good agreement with the
experimental results.
The initial stages of the creep curves are dependent on the load-
ing history (stress and strain rates) adopted to reach the constant
load Fo. Nevertheless, the ﬁnal stages of the elongation-time curves
(secondary and tertiary creep) seem to be little affected by this pre-
vious loading history.4. Conclusions
The proposed model equations combine enough mathematical
simplicity to allow their usage in engineering problems with the
capability to perform a physically realistic description of inelastic
deformation, strain hardening, strain-softening, strain-rate sensi-
tivity and damage observed in creep tests performed in HMPEmul-
tiﬁlaments at different load levels. The main idea is to use the
model to obtain the maximum information about macroscopic
properties of HMPE yarns from a minimum set of laboratory tests.
Only two creep tests (two load levels) are required to identify the
material constants K, N, R and S that appear in the evolution law for
the auxiliary variables ev and D. In the present study these material
parameters were identiﬁed from creep tests performed at 65% and
70% of the rupture load. The agreement between theoretical previ-
sion and experiment is good for creep tests performed at different
load levels (15%, 30%, 60% and 75% of the rupture load), what indi-
cates a reasonable coherence of the model and motivates the pros-
ecution of the study. Nevertheless, it is important to observe that
the present paper is only a ﬁrst step towards the modelling of
creep tests in HMPE ropes using continuum damage mechanics
and that the model validation still requires a complete experimen-
tal program (adequate to evaluate standard deviations and allow-
ing to perform an statistical analysis).
The analysis of creep behaviour of mooring lines accounting for
the different rope constructions can be extremely complex. The
mechanisms proposed so far to explain the damage initiation and
propagation processes are not able to elucidate all aspects of the
phenomenon in different geometry/material systems. However,
in normal operation conditions, the tensile load in synthetic moor-
ing ropes should be less than 15% of the MBL (minimum break
load). For a storm condition, the maximum solicitation of a moor-
ing line should not exceed 30% of MBL. Since the loads levels are
not high in operation, it may be possible to adapt the proposed the-
ory for yarns to ropes with complex geometric arrangements. In(Nl/ql) (N1) (al/ql) (N1) b
7 1.76  102 8.36  104 0.26
Fig. 9. Secondary creep rate for different load levels. Comparison with experimen-
tal results.
Table 5
Secondary creep rate for different load levels.
Fo (N) _es (s1) experimental _es (s1) model
86.3 14  109 16  109
172.6 94  108 89  108
345.3 17  107 19  107
374.0 39  107 32  107
402.7 58  107 53  107
431.5 74  107 88  107
Fig. 10. e* for different load levels. Comparison with experimental results.
Table 6
e* for different load levels.
Fo (N) e* experimental e* model
86.3 1.02  102 1.02  102
172.6 1.73  102 1.64  102
345.3 2.79  102 2.80  102
374.0 3.05  102 3.0  102
402.7 3.18  102 3.18  102
431.5 3.37  102 3.38  102
Table 7
Creep lifetimes for different load levels.





Fig. 11. Creep lifetimes for different load levels. Comparison with experimental
results.
Fig. 12. Creep curves at different load levels. Comparison with experimental
results.
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dependent to account for different possible sub-ropes arrange-
ments. Heating and internal abrasion certainly reduce lifetime
but can be accounted in a thermodynamic framework. However,
it is important to remark that further experimental work withcomplex HMPE ropes is required in order to fully characterize
the dependency of the parameters on the geometry.
Appendix A. Summary of the thermodynamic framework
This Appendix presents the summary of the thermodynamic
framework in which the model equations proposed in Section 3.2
can be derived.
When an HMPE specimen of initial gauge length Lo and average
ﬁbre area Ao is submitted to a creep test with constant tensile load
Fo it may present a complex nonlinear behaviour, mainly after the
beginning of the creep damage process, when eventually some of
the ﬁbres can break. The main idea of the model is to describe
the complex nonlinear behaviour of this system (HMPE yarn)
through a one-dimensional and homogeneous ‘‘equivalent” contin-
uum model, adequate for processes that can be assumed as quasi-
static and isothermal.
A.1. Preliminary deﬁnitions
The following version of the FLT holds for a system undergoing
quasi-static isothermal processes:
FLT) PEXT ¼ _Wþ Pdiss ðA:1Þ
where PEXT is the power of the external forces, W the free energy
and Pdiss the rate of energy dissipation. The FLT Eq. (A.1) can be par-
ticularized to the case of a yarn in a creep test in which PEXT ¼ Fo _d:
FLT) Fo _d ¼ _Wþ Pdiss ðA:2Þ
From Eq. (A.2) it is easy to conclude that, if the free energy W
and the dissipated power Pdiss of both systems (real yard and equiv-
alent spring) are the same at each time instant, then the elongation
H.S. da Costa Mattos, F.E.G. Chimisso / International Journal of Solids and Structures 48 (2011) 144–152 151rate _dðtÞ will be the same for both systems "t. Consequently, the
elongation history d(t) of both systems will be the same (consider-
ing the same initial conditions). Therefore it is necessary to postu-
late adequate expressions for the free energyW and the dissipated
power Pdiss of the spring in order to obtain an equivalent system
(for any tensile load Fo, the elongation history of both systems
should be the same). It is interesting to remark that the second
law of thermodynamics only requires that:
PDISS P 0 in all admissible processes ðA:3ÞA.2. Thermodynamically admissible constitutive equations
The free energyW for the ‘‘equivalent” model is supposed to be
a differentiable function with the following form:
Wðd; dv ;DÞ ¼ ð1 DÞ bWðd; dvÞ ¼ ð1 DÞjo2 ðd dvÞ2




with dv being the irreversible parcel of d. de = d  dv is the elastic or
reversible part of d. jo = (EAo/Lo) is the initial stiffness of the system
and E is the modulus of elasticity, a positive material parameters
that can be easily identiﬁed experimentally.
The main idea adopted in the present work is to introduce an
auxiliary damage variable D 2 [0,1], associated to the dissipative
mechanism of rupture. D is nothing else than an auxiliary variable
that accounts for the decrease of the free energy of the system due
to the dissipative mechanism of fracture. The system is considered
‘‘virgin” if D = 0 and it is supposed to no longer resist to the
mechanical loading if D = 1. Similar expressions can be found in
works concerned with elasto-viscoplasticity (see Lemaitre and
Chaboche, 1990, for instance).
To complete the theory, additional information must be given in
order to characterize the dissipative behaviour. This is done by
assuming that:
HIP2 : if _D ¼ _dv ¼ 0) PDISS ¼ 0; 8 _d ðA:5Þ
HIP2 states that, since D and dv are (global) internal variables
related to dissipative mechanisms (damage and viscosity), there
is no internal dissipation (PDISS = 0) at a given instant t if the mate-
rial time derivatives of these variables are both equal to zero.
Using the energy Eq. (A.2) and expression (A.4) for the internal
energy, the following version of the energy equation can be
obtained:
Fo  ð1 DÞ EAoLo ðd dvÞ
 




_dv þW _D ¼ PDISS
ðA:6Þ
Since HIP2 must hold in all processes, from Eqs. (A.5) and (A.6) it is
possible to conclude that:







and, hence, from (A.6) and (A.7) it results the following version of
the energy equation for the spring system:
PDISS ¼ ½Fo _dv þW _D ðA:8Þ
In order to fully characterize the dissipative behaviour, evolution
laws must be provided for the internal variables dv and D. These
evolution laws must be such that they satisfy version (A.3) of the
second law of thermodynamics in all processes. Using Eq. (A.8) it
comes that, in this particular case, the SLT requires that:
PDISS ¼ ½Fo _dv þW _DP 0; 8ð _dv ; _DÞ ðA:9ÞThe following evolution laws are proposed for the equivalent
model:












where K, N, R and S are positive material constants.
From the evolution laws (A.10) it can be veriﬁed that _dv P 0 and
_DP 0 in all processes. Hence, since FoP 0 and bW P 0, it is possi-
ble to conclude that evolution laws (A10) assure that the second
law restriction (A.9) is automatically veriﬁed in all processes.
Using (A.7) it is possible to verify that bWðd; dv Þ ¼ Lo2EAo Foð1DÞ 2.
Hence, the evolution law for the damage variable D may be





The so-called state law (A.7) and the evolution laws (A.10) form
a complete set of thermodynamically admissible constitutive
equations. From these equations, the variable D(t) has a precise
deﬁnition and can be obtained experimentally.
Eq. (A.7) shows that the damage variable at a given instant t can
be obtained experimentally in a creep test with a prescribed force
Fo. The specimen is unloaded and the instantaneous elastic recov-
ery corresponds to the elastic or reversible part de of d. Thus, the
global damage variable D at instant t can be evaluated using
expression (A7):
Fo ¼ ð1 DðtÞÞKodeðtÞ ) DðtÞ ¼ 1 FoKodeðtÞ ðA:12Þ
Finally, the constitutive equations proposed in Section 3.2 can be
obtained deﬁning the global variables e(t), ev(t) as follows:
eðtÞ ¼ dðtÞ=Lo; evðtÞ ¼ dvðtÞ=Lo
Since Ao ¼ qlq , from Eqs. (A.7), (A.10) and (A.11) the constitutive





¼ ð1 DÞEðe evÞ ) Fo ¼ ð1 DÞqlElðe evÞ ðA:13Þ




















where El = E/q, Nl = qN, Sl = qS.
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